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We give a unified description of D = 3 super-Yang-Mills theory with N = 1, 2, 4, and 8 super-
symmeties in terms of the four division algebras: reals (R), complexes (C), quaternions (H) and
octonions (O). Tensoring left and right super-Yang-Mills multiplets with N = 1, 2, 4, 8 we obtain a
magic square RR, CR, CC, HR, HC, HH, OR, OC, OH, OO description of D = 3 supergravity
with N = 2, 3, 4, 5, 6, 8, 9, 10, 12, 16.
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Introduction The octonions occupy a privileged posi-
tion as the largest of the division algebras A: reals R,
complexes C, quaternions H and octonions O. They pro-
vide an intuitive basis for the exceptional Lie groups. For
example, the smallest exceptional group G2 preserves the
octonionic product. Efforts to understand the remaining
exceptional groups geometrically in terms of octonions
resulted in the Freudenthal-Rozenfeld-Tits magic square
[1–6] presented in Table I1. Despite much effort, however,
it is fair to say that the ultimate physical significance of
octonions and the magic square remains an enigma.
AL/AR R C H O
R SL(2,R) SU(2, 1) USp(4, 2) F4(−20)
C SU(2, 1) SU(2, 1)× SU(2, 1) SU(4, 2) E6(−14)
H USp(4, 2) SU(4, 2) SO(8, 4) E7(−5)
O F4(−20) E6(−14) E7(−5) E8(8)
TABLE I. Magic square
In apparently different developments, a recurring
theme in attempts to understand the quantum theory
of gravity is the idea of “Gravity as the square of Yang-
Mills”. This idea of tensoring left (L) and right (R) mul-
tiplets appears in many different (but sometimes overlap-
ping) guises: KLT relations in string theory [10], D = 10
dimensional Type IIA and IIB supergravity (SG) mul-
tiplets from D = 10 super Yang-Mills (SYM) multi-
plets [11], asymmetric orbifold contructions [12], grav-
ity anomalies from gauge anomalies [13], (super)gravity
scattering amplitudes from those of (super) Yang-Mills
[14–16] in various dimensions etc.
These many-faceted relations have furthered our un-
derstanding of (super)gravity itself. For example, the
1 There are a variety of magic squares in which different real forms
appear. See [7] for a comprehensive account in the context of
supergravity. Famously, the C,H, and O rows of one example
describe the U-dualities of the aptly named “magic” supergrav-
ities in D = 5, 4, 3 respectively [8, 9]. In this paper we instead
demonstrate the novel appearance of the magic square of Table I
in conventional D = 3 supergravities.
Bern-Carrasco-Johansson (BCJ) color-kinematic duality
[14, 15] has facilitated the computation of higher-loop
D = 4,N = 8 supergravity amplitudes previously re-
garded as beyond reach. See, for example, [17] and the
references therein. This promises to answer the long-
standing questions [18] of if when and how perturbative
N = 8 supergravity diverges.
In spite of these remarkable developments, it is still not
entirely clear what precisely it means to say gravity is the
square of Yang-Mills. For example, in the supersymmet-
ric context it is not difficult to see that the amount of
supersymmetry is given by
[NL SYM]⊗ [NR SYM]→ [N = NL +NR SG], (1)
but it is harder to see how the other gravitational symme-
tries arise from those of Yang-Mills. In particular, super-
gravities are characterized by non-compact global sym-
metries G (the so-called U-dualities) with local compact
subgroups H, for example G = E7(7) and H = SU(8)
for N = 8 supergravity in D = 4; whereas the Yang-
Mills we start with has global R-symmetries, for example
R = SU(4) for N = 4 in D = 4. See [19] for an approach
linking SU(4) to SU(8) based on scattering amplitudes.
In the present paper we focus on this question in three
spacetime dimensions and, in doing so, reveal a magic
square of D = 3 supergravity theories. Hence, look-
ing through the prism of “gravity = gauge × gauge” we
uncover novel structural features of the symmetries in
D = 3 supergravity. Questions of perturbative quantum
gravity aside, understanding supergravity and its symme-
tries is essential in the context of string/M-theory, since
it constitutes their low-energy effective field theory limit.
In particular, supergravity has been central in exposing
the non-perturbative aspects of string theory. Here, sym-
metries, especially U-duality, have played a crucial role,
for example in constructing black hole solutions, high-
lighting their significance.
In three-dimensional supergravity the dynamical
bosonic degrees of freedom are unified in a G/H coset
and, in this sense, D = 3 is rather special, throwing light
on the higher-dimensional theories to which it is related
by dimensional reduction. This is particularly true in
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2the present context when generalising the magic square
to D = 4, 6, 10 [20]. Moreover, D = 3 is also intrinsically
interesting for a number of reasons [16, 21–23], one im-
portant example being the remarkable observation that
pure three-dimensional quantum gravity is actually solv-
able [24, 25].
Here, we first give a division algebra R,C,H,O de-
scription of D = 3 Yang-Mills with N = 1, 2, 4, 8, which
is of interest in its own right. More remarkable, how-
ever, is that tensoring left and right multiplets yields
a magic square RR, CR, CC, HR, HC, HH, OR,
OC, OH, OO description of D = 3 supergravity with
N = 2, 3, 4, 5, 6, 8, 9, 10, 12, 16, as presented in Table II.
For N > 8 the multiplets are those of pure supergrav-
ity; for N ≤ 8 supergravity is coupled to matter. In both
cases the field content is such that the U-dualities exactly
match the groups of Table I.
Thus not only do D = 3 supergravities fill out a magic
square but their field content and, hence, symmetries are
derived from squaring Yang-Mills.
Magic square Magic squares are based on the four di-
vision algebras, R,C,H and O, which are of dimension
1, 2, 4 and 8, respectively2. They can be built, one-by-
one, using the Cayley-Dickson doubling procedure start-
ing with R. The reals are ordered, commutative and as-
sociative. With each doubling one such property is lost:
C is commutative and associative, H is associative, O is
non-associative.
An element x ∈ O may be written x = xaea, where
a = 0, . . . , 7, xa ∈ R and {ea} is a basis with one real
e0 = 1 and seven ei, i = 1, . . . , 7, imaginary elements.
The octonionic conjugation is denoted by e∗a, where e
∗
0 =
e0 and e
∗
i = −ei. The octonionic multiplication rule is,
eaeb = (δa0δbc + δ0bδac − δabδ0c + Cabc) ec, (2)
where Cabc is totally antisymmetric such that C0bc = 0.
The non-zero Cijk are given by the Fano plane, see [27].
A natural inner product on A is defined by
〈x|y〉 := 1
2
(xy + yx) = xaybδab. (3)
To understand the symmetries of the magic square and
its relation to SYM we shall need in particular two alge-
bras defined on A. First, the norm-preserving algebra,
so(A) := {D ∈ HomR(A)|〈Dx|y〉+ 〈x|Dy〉 = 0}, (4)
isomorphic to so(dimRA). Second, the triality algebra
tri(A) := {(A,B,C)|A(xy) = (Bx)y + x(Cy)} (5)
where A,B,C ∈ so(A). For A = R,C,H,O we have
tri(A) ∼= Ø, so(2)⊕ so(2), so(3)⊕ so(3)⊕ so(3), so(8) [26].
2 One can also use their split (non-division) cousins to obtain dif-
ferent real forms. See [7, 26] and the reference therein for details.
The specific magic square presented in Table I was first
obtained in [7] using a version of the Tits construction
based on a Lorentzian Jordan algebra. The two alge-
bras AL,AR enter this definition on distinct footings;
the “magic” of the square is its symmetry under the ex-
change AL ↔ AR, which is obscured by their undemo-
cratic treatment.
For the purposes of squaring SYM a manifestly AL ↔
AR symmetric formulation of the square is required. This
is achieved by adapting the triality algebra construction
introduced by Barton and Sudbery [26]. Our definition3
of Table I is given by,
L3(AL,AR) ∼= tri(AL)⊕ tri(AR) + 3(AL ⊗AR). (6)
We shall also need a magic square of the maximal com-
pact subalgebras of Table I, given in Table III. This is
given by the reduced triality construction,
L1(AL,AR) := tri(AL)⊕ tri(AR) + (AL ⊗AR), (7)
which is easily obtained from (6).
R,C,H,O description of D = 3,N = 1, 2, 4, 8 Yang-
Mills The D = 3, N = 8 SYM Lagrangian is given by
L =− 14FAµνFAµν − 12DµφAi DµφAi + iλ¯Aa γµDµλAa
− 14g2fBCAfDEAφBi φDi φCj φEj
− gfBCAφBi λ¯AaΓiabλCb,
(8)
where Γiab, i = 1, . . . , 7, a, b = 0, . . . , 7, belongs to the
SO(7) Clifford algebra. The key observation is that
this gamma matrix can be represented by the octonionic
structure constants,
Γiab = i(δbiδa0 − δb0δai + Ciab), (9)
which allows us to rewrite the action over octonionic
fields. If we replace O with a general division algebra
A, the result is N = 1, 2, 4, 8 over R,C,H,O:
L =− 14FAµνFAµν − 12Dµφ∗ADµφA + iλ¯AγµDµλA
− 14g2fBCAfDEA〈φB |φD〉〈φC |φE〉
+ i2gfBC
A
(
(λ¯AφB)λC − λ¯A(φ∗BλC)) , (10)
where φ = φiei is an ImA-valued scalar field, λ = λ
aea is
an A-valued two-component spinor and λ¯ = λ¯ae∗a. Note,
since λa is anti-commuting we are dealing with the alge-
bra of octonions defined over the Grassmanns.
3 Note, this is not quite the triality construction as defined in
[26]. We will not present the details here, but it can be easily
obtained by making a slight modification to the commutators in
3(AL ⊗AR) w.r.t. those appearing in [26]. Here, we have used
⊕ and + to distinguish the direct sum between Lie algebras and
vector spaces, i.e. only if [g, h] = 0 do we use g⊕ h.
3R C H O
N = 2, f = 4 N = 3, f = 8 N = 5, f = 16 N = 9, f = 32
R G = SL(2,R), dim 3 G = SU(2, 1), dim 8 G = USp(4, 2), dim 21 G = F4(−20), dim 52
H = SO(2), dim 1 H = SU(2)× SO(2), dim 4 H = USp(4)× USp(2), dim 13 H = SO(9), dim 36
N = 3, f = 8 N = 4, f = 16 N = 6, f = 32 N = 10, f = 64
C G = SU(2, 1), dim 8 G = SU(2, 1)2, dim 16 G = SU(4, 2), dim 35 G = E6(−14), dim 78
H = SU(2)× SO(2), dim 4 H = SU(2)2 × SO(2)2, dim 8 H = SU(4)× SU(2)× SO(2), dim 19 H = SO(10)× SO(2), dim 46
N = 5, f = 16 N = 6, f = 32 N = 8, f = 64 N = 12, f = 128
H G = USp(4, 2), dim 21 G = SU(4, 2), dim 35 G = SO(8, 4), dim 66 G = E7(−5), dim 133
H = USp(4)× USp(2), dim 13 H = SU(4)× SU(2)× SO(2), dim 19 H = SO(8)× SO(4), dim 34 H = SO(12)× SO(3), dim 69
N = 9, f = 32 N = 10, f = 64 N = 12, f = 128 N = 16, f = 256
O G = F4(−20), dim 52 G = E6(−14), dim 78 G = E7(−5), dim 133 G = E8(8), dim 248
H = SO(9), dim 36 H = SO(10)× SO(2), dim 46 H = SO(12)× SO(3), dim 69 H = SO(16), dim 120
TABLE II. Magic square of D = 3 supergravity theories. The first row of each entry indicates the amount of supersymmetry N
and the total number of degrees of freedom f . The second (third) row indicates the U-duality group G (the maximal compact
subgroup H ⊂ G) and its dimension. The scalar fields in each case parametrise the coset G/H, where dimR(G/H) = f/2.
.
R C H O
R SO(2) SO(3)× SO(2) SO(5)× SO(3) SO(9)
C SO(3)× SO(2) [SO(3)× SO(2)]2 SO(6)× SO(3)× SO(2) SO(10)× SO(2)
H SO(5)× SO(3) SO(6)× SO(3)× SO(2) SO(8)× SO(4) SO(12)× SO(3)
O SO(9) SO(10)× SO(2) SO(12)× SO(3) SO(16)
TABLE III. Magic square of maximal compact subgroups.
The supersymmetry transformations in this language
are given by
δλA=
1
2
(FAµν + εµνρDρφ
A)σµν− 1
4
gfBC
AφB(φC),
δAAµ=
i
2
(¯γµλ
A − λ¯Aγµ), (11)
δφA=
i
2
ei[(¯ei)λ
A − λ¯A(ei)],
where  is anA-valued two-component spinor and σµν are
the generators of SL(2,R) ∼= SO(1, 2). We note that the
final term in the transformation of λA can be rewritten
as
− 1
4
gfBC
AφB(φC) =
1
2
gfBC
AφBi φ
C
j eaΓ
ij
abb, (12)
where the Γij are the generators of SO(n − 1) in the
spinor representation, illustrating the close relationship
between division algebraic multiplication and Clifford al-
gebras [27].
The form of the first term in the λA transformation also
highlights the vector’s status as the missing real part of
the ImA-valued scalar field. Indeed, in the free g = 0
theory one may dualise the vector to a scalar to obtain a
full A-valued field.
Squaring Yang-Mills Having cast the magic square in
terms of a manifestly AL ↔ AR symmetric triality alge-
bra construction, and having written N = 1, 2, 4, 8 SYM
in terms of fields valued in R,C,H,O we shall now ob-
tain the magic square of supergravities in Table II, with
symmetries G (Table I) and H (Table III), by “squaring”
N = 1, 2, 4, 8 SYM.
Taking a left SYM multiplet {Aµ(L) ∈ ReAL, φ(L) ∈
ImAL, λ(L) ∈ AL} and tensoring it with a right mul-
tiplet {Aµ(R) ∈ ReAR, φ(R) ∈ ImAR, λ(R) ∈ AR} we
obtain the field content of a supergravity theory valued
in both AL and AR. See Table IV. Note, the left/right
SYM R-symmetries act on each slot of the AL,AR tensor
products.
Grouping spacetime fields of the same type we find,
gµν ∈ R, Ψµ ∈
(
AL
AR
)
, ϕ, χ ∈
(
AL ⊗AR
AL ⊗AR
)
. (13)
The R-valued graviton and AL ⊕ AR-valued gravitino
carry no degrees of freedom. The (AL ⊗ AR)2-valued
scalar and Majorana spinor each have 2(dimAL ×
dimAR) degrees of freedom.
As we have already mentioned, the N > 8 supergrav-
ities in D = 3 are unique, all fields belonging to the
gravity multiplet, while those with N ≤ 8 may be cou-
pled to k additional matter multiplets [22, 23]. The real
miracle is that tensoring left and right SYM multiplets
yields the field content of N = 2, 3, 4, 5, 6, 8 supergravity
with k = 1, 1, 2, 1, 2, 4: just the right matter content to
produce the U-duality groups appearing in Table I.
At this stage we should emphasise that we have thus
far neglected the role of the Yang-Mills gauge group when
reconstructing the supergravity multiplet. However, the
two (possibly distinct) left/right gauge groups may be ac-
commodated by introducing a ‘spectator’ scalar field val-
ued in the bi-adjoint of gauge left and gauge right. This
field appears as a factor on the gravitational side when
tensoring the left/right SYM fields, thus accounting for
4AL/AR Aµ(R) ∈ ReAR φ(R) ∈ ImAR λ(R) ∈ AR
Aµ(L) ∈ ReAL gµν + ϕ ∈ ReAL ⊗ ReAR ϕ ∈ ReAL ⊗ ImAR Ψµ + χ ∈ ReAL ⊗AR
φ(L) ∈ ImAL ϕ ∈ ImAL ⊗ ReAR ϕ ∈ ImAL ⊗ ImAR χ ∈ ImAL ⊗AR
λ(L) ∈ AL Ψµ + χ ∈ AL ⊗ ReAR χ ∈ AL ⊗ ImAR ϕ ∈ AL ⊗AR
TABLE IV. Tensor product of left/right (AL/AR) SYM multiplets, using SO(1, 2) spacetime reps and dualising all p-forms.
the gauge indices. Interestingly, this seems to be superfi-
cially consistent with the observation, originally made in
the context of twistor diagrams in [28] and confirmed ex-
plicitly solution by solution in [29], that at tree-level the
product of two SYM amplitudes (or, to be precise, their
integrands) produces a gravitational amplitude, but with
an additional colour factor that corresponds precisely to
the appropriate amplitude for the spectator field with a
cubic Lagrangian. Moreover, the scalar/gauge/gravity
amplitude formulae of [29] where recently derived using
ambitwistor strings [30]. From this perspective “Yang-
Mills × Yang-Mills = gravity” is replaced by “Yang-Mills
× Yang-Mills = gravity× φ3” and leads to the BCJ color-
kinematic duality [29]. Peeling away the spectator field
one can build the supergravity Lagrangian, although the
relation to the original SYM fields is muddied in the pro-
cess. We postpone these important considerations for
future work.
Returning to the subject in hand, the largest linearly
realised global symmetry of these theories is H, which
has Lie algebra given by the reduced triality construc-
tion (7). Consequently, we expect the fields in (13) to
carry linear representations of H. The metric is a sin-
glet, while Ψµ, ϕ and χ transform as a vector, spinor and
conjugate spinor, respectively. Fortunately, AL ⊕ AR
and (AL ⊗AR)2 are precisely the representation spaces
of the vector and (conjugate) spinor. For example, in the
maximal case of AL,AR = O, we have the 16,128 and
128′ of SO(16). The distinction between spinor and con-
jugate spinor in terms of (OL ⊗ OR)2 is encoded in the
division-algebraic realisation of the Lie algebra action,
which is inherited from the left/right SYM. For example,
consider x, y ∈ O transforming respectively as the 8s and
8c of SO(8). A subset of SO(8) generators are given by
left/right multiplications with elements a ∈ ImO under
which x 7→ ax implies y 7→ ya.
The U-dualities G are realised non-linearly on the
scalars, which parametrise the symmetric spaces G/H.
This can be understood using the remarkable identity
relating the projective planes4 over (AL⊗AR)2 to G/H,
(AL ⊗AR)P2 ∼= G/H. (14)
4 To be precise, these are Lorentzian counterparts of the more
familiar compact projective planes, for example SO(3)/ SO(2) vs.
SL(2,R)/SO(2). The Lorentzian Cayley plane may be defined
using a Lorentzian Jordan algebra [7, 27].
The scalar fields may be regarded as points in division-
algebraic projective planes. The tangent space at any
point of (AL ⊗ AR)P2 is just (AL ⊗ AR)2, the re-
quired representation space of H. The Cayley plane
OP2, with isometry group F4(−52), is a classic example:
F4(−52)/Spin(9) ∼= (R⊗O)P2 = OP2. The tangent space
at any point of OP2 is O2, the spinor of Spin(9) as re-
quired. Note, the cases (C⊗O)P2, (H⊗O)P2, (O⊗O)P2
are not strictly speaking projective spaces, but neverthe-
less constitute geometries which may be identified with
G/H [3, 27, 31].
We conclude by noting that this construction can
be extended to D = dim(A) + 2 by exploiting the
so(1,dim(A) + 1) ∼= sl(2,A) Lie algebra isomorphisms
(in the sense of [32]). This results in a magic pyramid of
supergravities: the magic square described here forms the
base in D = 3 while type II supergravity sits at the apex
in D = 10. The U-dualities are determined by a magic
pyramid formula, generalising (6), which is parametrised
by three division algebras, one for spacetime and two for
left/right SYM [20].
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